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There has been a series of optical experiments recently in which one or two magnons are
created in the vicinity of a Ni** impurity in RbMnF;, KMnF3, and MnF,. The single-magnon
excitations can be understood using existing Green’s-function theory. We find that this theory,
which uses the Holstein-Primakoff transformation, is adequate for the host (spin §) but leads
to certain difficulties at the impurity (spin 1), even in the present case where the impurity-
host coupling is large. The line shape for the pair modes can be calculated when one of the
two magnons is highly localized, thus allowing the three-body problem to be solved as an
effective two-body problem. We show that if the lattice contains one magnon localized on the
impurity itself, the impurity acts as though its spin were reduced from S’ to S’ -1 (i.e., as
a vacancy, in the case of Ni). Many of the experiments can be explained without a detailed
knowledge of the Ni-Mn exchange, which is fortunate in the case of the rutile structure where
it is probably complicated. We briefly discuss the g factors of the various modes and show
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that they can lead to useful information about the spatial extent of the excitations.

I. INTRODUCTION

The theory of localized magnons in insulating
magnets has been discussed by many authors over
the past few years for the case of a single isolated
impurity. Previously, the study of localized phonon
modes had been extensively developed following the
pioneering work of Lifshitz. ! The magnon problem
has one advantage and one disadvantage from a the-
oretical point of view when compared to the corre-
sponding phonon problem. In the phonon system one
can usually make the harmonic approximation with
a good deal of confidence, whereas in the spin sys-
tem one cannot in general (one important exception
is at very low temperatures in a ferromagnet).
However, the localized magnons can be studied by
keeping only the quadratic terms that arise when
the Holstein-Primakoff transformation is performed
on the spin operators. This is a good approximation
for large values of the spin but leads to difficulties
for low values of the spin (see for example a cal-
culation by Parkinson? for a spin-% impurity).

We shall encounter these difficulties in our consid-
eration of Ni** (spin-1) impurities. The advantage
the magnon problem has is that the number of pa-
rameters that appear is considerably reduced. For
example, the properties of Ni-doped RbMnF; can
be described by two parameters: the nearest-neigh-
bor Mn-Mn and Ni-Mn exchange constants. In the
typical phonon problem there are =10 unknown force
constants that go into the determination of the local
modes. In this paper, we have chosen to study
manganese-fluoride antiferromagnets doped with
nickel ions, for a number of reasons. The spin-
wave spectra of the host manganese salts have been
studied by inelastic neutron scattering, and the
dispersion can well be described by only a few pa-
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rameters. Many experimental data are also avail-
able using infrared and Raman scattering techniques
to investigate the single- and two-magnon excita-
tions in both the pure and doped systems. It is
found that the nickel impurities are strongly coupled
to the host manganese ions; this leads to certain
modes being highly localized and simplifies the cal-
culations.

The case of a single defect in a ferromagnet at
zero temperature has been studied by Wolfram and
Callaway, ® who obtain exact answers because the
Hamiltonian can be diagonalized within the ground
state and states with one spin deviation. The case
of a defect in an antiferromagnet has been investi-
gated by Lovesey, 4 Tonegawa, 5 and Tonegawa and
Kanamori® using a quadratic Bose Hamiltonian. We
briefly sketch this calculation in Sec.II. The Ni-
Mn exchange is greater than the Mn-Mn exchange
by a factor of about 3.5. This means that the mode
that is predominantly on the impurity site itself
(the s, mode) is a long way above the spin-wave
band in energy. The energy of this mode can also
be calculated from an expansion about the cluster
containing the impurity and its nearest neighbors
on the opposite sublattice. We examine the denom-
inator of the appropriate Green’s function for large
energies and compare this to the frequency of the
s, mode obtained by diagonalizing the cluster Ham-
iltonian. The two approaches do not agree exactly
because of the presence of spin deviations in the
ground state of the antiferromagnet.

In Sec. VI, we examine the pair modes associated
with a single defect. These are modes which are
formed when the radiation field creates spin devi-
ations on neighboring sites in the vicinity of the
defect. Experimentally, these modes are identified
as pair modes by doing a molecular field calcula-
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tion, which is equivalent to just treating the Ising
part of the Hamiltonian at low temperatures. Al-
though this theory gives the position of the pair
lines rather accurately, it does not give a width
which comes from the S*S™ terms in the Hamilton-
ian. The general problem is rather difficult, but
we show that if one of modes is an s, mode, the
impurity acts as if it had its spin reduced from S’
to S’ -1 (i.e., it behaves as a vacancy or nonmag-
netic impurity in the case of Ni**). This turns out
to be an excellent approximation for a strongly
coupled impurity like Ni**. A brief account of this
solution to the three-body problem has been given
elsewhere” where it was applied to the perovskite
structure. In this paper we also apply the theory

to the rutile structure where the picture is compli-
cated by the existence of more coupling parameters.
However, because the Ni acts like a vacancy, one
does not have to know much about the impurity-host
coupling to be able to correlate a good many experi-
mental results. We find that the pair modes are

at lower frequencies than the sum of the frequencies
of the individual modes. This attraction is similar
to that found in pair modes in pure antiferromag-
nets. #° However, if both modes are on the impur-
ity itself (i.e., two s, modes) we find a repulsion
between the modes.

II. GREEN’S-FUNCTION THEORY OF LOCALIZED
MODES

We consider a two-sublattice antiferromagnet
with spin S and nearest-neighbor Heisenberg ex-
change J. The labels ¢ and j denote the up and down
sublattices, respectively,

H:Z_;J§,.-§, . 1)
(2
This Hamiltonian may be solved for the spin-wave
states using either equations of motions® or the
Holstein-Primakoff transformation.!® The magnon
dispersion is given by

wy=JSz (1-y8)l2 (2)
where

ve=(1/2) Dyei®d

z is the number of nearest neighbors and aisa
vector connecting nearest neighbors. If we now add
a substitutional defect, with spin S’ and impurity-
host exchange J’ into the up sublattice, there will
be an additional term in the Hamiltonian,

H':§) [7°,-8,) -7 (5 Sa)] (3)

where A is a nearest neighbor to the defect which
defines the origin labeled by zero. It is most con-
venient to transform to Holstein-Primakoff opera-
tors.'® For the up sublattice

=(2S-ala;)!%a;, (4a)
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and for the down sublattice
S;=bi(2s-bipD)'/2 | (4b)

The other transformation equations between the
spin operators and the Bose operators can be ob-
tained by using (S*)*=S" and the spin commutation
relations. ! Expanding the square roots in Eq. (4)
and keeping only the lowest-order terms, H’ be-
comes

=JSZA> [¢(a5b2+a0bA)+€aaao+prbA] , (5)

with
¢="/INS /)2 -1
e=(J/J) -1, (6)
p='S"/JS) -

The Hamiltonian H+ H’ [where H is also written in
Bose operators, using Eq. (4) and keeping only the
quadratic terms] can be diagonalized because the
range of the interaction, H’, in real space is lim-
ited. The localized modes and resonances that re-
sult have been discussed by several authors*™® and
by Parkinson'! with particular reference to the
perovskite structure. The modes can be classified
according to the paramagnetic point group of the de-
fect. There will be an s, mode that is predomi-
nantly onthe impurity, ans,; mode that is predom-
inantly on the near neighbors of the impurity, and
various other non-s-like modes to give a total of
z+1. In the two structures with which we will be
concerned, the perovskite will have s, s;, p, and
d modes!! whereas the rutile structure has sg, sy,
p, d, and f modes.* (There are actually more
modes in Ni:MnF, because the exchange is not
simply nearest neighbor. This will be discussed
more fully in Sec. VIIL)

We define Green’s functions at 7=0°K:

(01A19 G1B10) (0|B|ixi|A|0)
2( w=(E;-=E)  w+(E;—Ey) )
(7)

K4, B) =5

Then, in the pure system,

1k- (f,-rj)
{ai; a*»— — Go(w)= 21rN e —r—z—(w +JSz) . (8)
The poles of this Green’s function occur at the spin-
wave frequencies. When the impurity Hamiltonian
H' [Eq. (5)] is included, the equations are modified
and the Green’s functions for the non-s-like modes

become

om y__ Gom(w)
G (w)= [1-JSpG*"™(w)] 9)

where p measures the strenth of the perturbation
caused by the impurity. The symmetrized Green’s
functions formed from Eq. (8) for the perovskite
lattice are®
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G (w)=(1/N) }k: [2sin®k, a(w +JS2)/ (* - w3)] ,

1 (cosk,a — cosk,a)?
Gl (w) :ﬁ%: wz"_ w,% I (w+JSz)

(10)

The equivalent expressions for the rutile structure
are given in Sec. VIII. These Green’s functions may
be reexpressed in terms of those found in the theory
of spin waves in ferromagnets (for details see Sec.
VII in Elliott and Thorpe®) which have been tabulated
by many authors. *'#® The condition for a bound
state to occur above the band is p>0.,i.e., J'S’
>J8S.

The equations for the s-like modes are more
complicated than Eq. (9) because the s, and s, modes
mix. However, in the cases that we will consider,
both modes occur above the spin-wave band and so
we need to know only the denominator of the Green’s

function. The frequencies of these modes are given
by the solution of!!

D,(tw)=0 , (11)
where

Dy(w)=[p(w+JS2)? - (p+€) (w+JIS2)JISz + €(JSz)?]
x (w=JSz) Py(w) +(1+€)JSz — pw (12)
and
Py (w)=(1/N) 7;7 (@ - i)™ . (13)

By examining the behavior of Eq. (12) we can see
that the s, mode is above the spin-wave band if J*
>J, whereas the s, mode is above if J'>JS/(S’ - S).

lIl. THEORY APPLIED TO Ni**-DOPED
RbMnF, AND KMnF,

Both RbMnF; and KMnF, are good examples of
two sublattice antiferromagnets with predominantly
nearest-neighbor exchange. We shall see later
when we consider MnF, that when the exchange is
appreciable between more distant neighbors, nu-
merical complications arise which tend to obscure
the rather simple physics involved. The spin-wave
dispersion curves for pure RbMnF; and KMnF, have
been measured by inelastic neutron scattering!®!®
and can be described by a nearest-neighbor Heisen-
berg model [Eq. (1) ] with maximum spin-wave en-
ergies JSz of 71 and 76 cm™, respectively.!! There
is a slight canting of spins in KMnF;, which we ne-
glect as it has a negligible effect on spin waves at
the zone boundary where the density of states peaks.

A word of caution is required at this point. The
ratio of the exchange between nearest-neighbor
pairs uud next-nearest-neighbor pairs is 0. 29 in
KMnF;'® compared with only +0. 06 in RoMnF, 4
and so it might be supposed that a nearest-neighbor
model would be inadequate in KMnF,;. In fact, we
have found a nearest-neighbor model to be satisfac-
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tory because the density of states is dominated by
a sharp peak near the zone boundary, and this can
be well reproduced by a nearest-neighbor model if
the exchange parameter is suitably chosen. The
situation is very different in the rutile structure
where the density of states develops two sharp
peaks when next-nearest neighbor exchange is in-
cluded. This point is further discussed in Sec. VIII.

Unfortunately, there are no measurements of the
single sy, p, and d modes in these materials. How-
ever, there is an accurate measurement of the s,
mode. Johnson, Dietz, and Guggenheim'® have
studied the process in which an exciton on a Ni**
impurity decays into one or two s; magnons. This
provides an excellent measurement of the energy
of the sy mode, Wey and the energy of the pair of
So modes, wy,,- There is no exciton-magnon in-
teraction to complicate the situation, since the ex-
citon and magnon do not coexist in time. They find
w, to be 238 cm™ in RbMnF; and 255.9 cm™ in
KMnF,. 1® Using the expression Eq. (12) for the
frequency of the s; mode, we can determine the
value of J’ as shown in the third column of Tablel.
It is instructive to examine Eq. (12) for large ener-
gies. P;(w) has no imaginary part above the spin-
wave band and can be expanded as a power series
in [w? - (JS2)?],

1 1 1

Py(w)=5 %) w?-wi " [w? - (JS2)]
(1/2)(JSz)?

N "

It is only necessary to take the first two terms in
the present case. Inserting Eq. (14) into Eq. (12),
we find for large (J'/J),

wSOﬁJ'Sz-J'S'+JSS' (z-1)/(Sz-5") . (15)

The first term J'Sz is by far the largest and just
that which would be obtained using molecular field

TABLE I. Comparison of the Green’s-function theory
and cluster model for the s, modes in the perovskite
antiferromagnets RbMnF; and KMnF; with Ni impurities.
Aw = Wsyrsy —ZwSO is given slightly better by the cluster
model when compared with experiment (Ref. 16). Mise-
tich and Dietz (Ref. 16) have studied a slightly different
cluster model further and obtain Aw=11.6 and 12.5 for
RbMnF; and KMnF;, which agrees even better with
experiment.

Green’s-
function Cluster
Expt theory model
W, Aw J’ Aw J' Aw
RbMnF; 238 10.9 16.7 13.1 15.9 12.4
KMnF, 255.9 11,9 18 14,1 17.1  13.4
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theory, i.e., by just taking the Ising terms in the
Hamiltonian. To check the validity of Eq. (15), we
put w, =238 cm™ for RbMnF, and again find that
J'=16.7 cm™; so that Eq. (15) forms a good approx-
imation to the solution of Eq. (12) when the mode is
well above the band. We note at this point that us-
ing the value of J’ obtained from the sy mode, we
can predict from Eq. (9) that the s,, p, and d modes
should all occur between 2 and 4 cm™ above the top
of the spin-wave bands in RoMnF; and KMnF,. Of
these, only the d mode in RbMnF; has so far been
seen!” at 2 cm™! above the band.

We digress at this stage to discuss the g factors
of the single-magnon modes. Unfortunately, this
is somewhat academic in the perovskites since the
anisotropy is so extremely small that a spin-flop
transition takes place upon application of a field.
However, let us assume that we could introduce
sufficient anisotropy (by straining the crystal for
example) to allow the g factor to be measured. Ex-
plicitly we switch on an external field

—gupH[ T 81+ 2 85] - upHS §rguphsy,  (16)
i

and ask for the linear shift in the frequency of the
local modes. In practice, the modes will split as
some impurities will be in one sublattice and some
in the other. The g factor the p and d modes will
be just g because these modes do not spread onto
the impurity. If we rewrite Eq. (16) in terms of
Bose operators and carry through the analysis of
Sec. II, we get a modified expression for D (w)
[Eq. (12)]. If we again expand for large (J'/J), we
obtain

wso-'wso"’gsouBH ) 17)
where
g,,=8' - g-g)s"/(5z-5") . (18)

This result has an immediate physical interpreta-
tion. Remembering that the 2z component of the
total spin of the system is a good quantum number
and changes by one unit when a magnon is present
in the lattice, we can write

25,8~ (&' &) ((sol Sl s0) ~C0l5¢7|0)) , (19)

where |0) is the ground state and |so) is the state
with a single s, mode. Comparing Egs. (18) and
Eq.(19), we see that

(solS8%]s0) =(0|S4#|0) ==S2/(Sz 1) . (20)

The expression (20) provides a good measure of the
spatial extent of the s, excitation. In the present
case

-Sz/(S2-8")=-1=-1.07 .

Had this number been exactly — 1, the sy mode
would have been entirely on the impurity. The 7%
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difference gives a good estimate of the probability
of the excitation being on a host site.

In a ferromagnet, the coefficient of (g —g’) in Eq.
(18) would give an exact measure of the delocaliza-
tion of the s, mode. A problem arises in the anti-
ferromagnet because the change in spin density due
to the presence of an sy mode is positive at some
sites and negative at others, and so the g factor
does not give an exact measure of the spreading of
the mode off the impurity site. However, the g
factor as written in Eq. (19) does give one some in-
formation about the spatial extent of the s, mode.

A detailed description would require the computa-
tion of the change in the average value of the z com-
ponent of the spin at each site. This would be very
lengthy and would not yield much insight.

IV. CLUSTER APPROXIMATION

The expressions that we have derived up until
this point have only really been valid for large val-
ues of the spin. This is because the square roots
in Eq. (4) were expanded in powers of 1/S. This
procedure should be reasonably good for Mn** (spin
£) but may not be so good for Ni** (spin 1). To in-
vestigate this, we look at the local modes from a
different point of view. When the impurity-host ex-
change is large, we can defines =TA §A as the spin
of the neighbors of the impurity and approximate
H+H' by H, where

H,=J'8 8 +(z2-1)JS8* . (21)
cl

The first term is the full interaction of the im-
purity with all its neighbors. It can be diagonalized
to give a series of multiplets described by a spin
é, where
S=-5+5 . (22)
& goes from 8 =S’ to §+S’[8>S’]. The second
term in Eq. (21) represents the local field (due to
the rest of the lattice)acting on the neighbors of the
impurity. This should be a reasonably good approx-
imation if J is sufficiently small when this term
will be treated in first-order perturbation theory
to remove all the degeneracy within the @ multi-
plets. The ground state is the lowest level of the
& =8 - S’ multiplet, and the s, mode corresponds
to a transition from the ground state to the lowest
level of the@ =§ —S’ +1 multiplet. The energy of
the s, mode, w,, is given by'® (putting § =Sz)

JS(z-1)[(Sz-S") (1 -S")+1]
T (Sz-S"+1)(Sz2-8"+2)
(23)
We also calculate the g factor for this mode and ob-
tain

sg?

wg, =’ (Sz-S'+1)

_ . (g-g"[(sz2-8"(1-8")+1]
88 (i iD e85+
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It is useful to compare these two expressions with
Eqgs. (15) and (18) obtained in Sec. III by use of the
Holstein-Primakoff transformation. They clearly
agree in the limit of large spins S and S’ but are
rather different for S’=1 owing to the existence of
a factor (1 -S’). Indeed, the last term in Egs. (23)
and (24) changes sign when one goes from the S’ =1
case to the large S’ limit.

Following the procedure of Sec. III, we can use
Eq. (23) to give values of J’ for Ni-doped RbMnF,
and KMnF,;. The results are shown in column 5
of Table I. The estimates of J’ differ by about 5%
from those obtained in Sec. III and given in column
3. This disagreement is ~{ 6S%)/S, where ( 65¢)
is the spin deviation in the ground state of the anti-
ferromagnet and is, of course, to be expected. The
origin of the discrepancy is discussed in Ref. 19.
Unfortunately, this disagreement is of the same or-
der of magnitude as the interaction effects that oc-
cur when two local modes are excited simultaneous-
ly. The impasse is resolved to some extent by
working consistently either within a cluster approx-
imation or using the Holstein-Primakoff transfor-
mation with a Green’s-function theory. This prob-
lem would not arise in a ferromagnet, of course,
because the Holstein-Primakoff transformation
gives the spin-wave energies correctly so that in
the limit of large impurity-host coupling the cluster
model and the Green’s-function theory of the local
modes would agree for all values of the spin. Com-
paring Eq. (24) with Eq. (19), we find

— — ’ + —

CsolSitlse) (ol sirl0y =7 oe =SOSR

(25)
Using S=3%, z=6, S'=1, the expression Eq. (25) be-
comes —12=~0.94. (This should be compared to
—1.07 obtained in Sec. III.) The fact that the two
methods give estimates on the opposite sides of
~ 1.0 should not trouble the reader. The change
in the expectation value of the magnetization at a
site, due to the presence of an sy magnon, can have
either sign, depending on the sublattice; and so the
total change in the magnetization of the host can
also be of either sign. The important point is that
both methods give results near to — 1.0, showing
that the mode is highly localized.

To conclude this section, we calculate the energy
and g factor of the pair sy +s, mode within the clus-
ter Hamiltonian [Eq. (21)]. This mode is a transi-
tion from the ground state to the lowest level of the
multiplet with &= 8§ =S’ +2, Using the same method
of calculation as for the single s, mode, we find
that ,

wSO*%:J(ZSz -25'+3)
JS(z=1)[(Sz~S") (3 -25")+3]
T (Sz2-5"+1)(Sz2-5"+3)

, (26)
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and

[(Sz-S")(3-25")+3]

— 95t ot
g30+50—2g+(g g)(Sz—S'+1)(Sz—S’+3) -(27)

The energy of the transition sy +s, is greater than
twice the energy of a single s, transition (i.e.,
there is a repulsive interaction between the two

modes). It is useful to define

AW =Wgns) = 2w,
JS(z-1)[ (Sz-S8')(Sz+S'+1)]
(Sz-8"+1)(Sz-S"+2)(Sz-S"+3)

=J' -
(28)

Using the value of J’ calculated from the s, mode
[Eq. (23)] and shown in column 5 of Table I, we can
calculate Aw. This is done in column 6 of Tablel,
and may be compared with the experimental value
in column 2. The agreement is quite satisfactory.
The repulsive interaction between the two s; modes
is a consequence of the antiferromagnetic coupling
between host and impurity. It would be attractive
for a ferromagnetically coupled impurity. Usually,
interactions between magnons are attractive because
they come predominantly from the Ising terms in
the Hamiltonian. The interaction between the s,
modes is quite different in character, and arises
from the S*S” terms in the Hamiltonian (i.e., in an
Ising system there would be no interaction between
two sy modes). A cluster method was first used by
Misetich and Dietz!® who show that by taking larger
clusters around the impurity than we have con-
sidered here, agreement between theory and exper-
iment can be still further improved (see comment
under Table I). In this method, the S*S” terms in
the Hamiltonian are treated as a perturbation on
the Ising energies. More distant neighbors of the
impurity enter into the calculation in each higher
order of perturbationtheoryand their method can legiti-
mately be called a cluster method also.

The cluster model is rather good for s, modes
which only interact weakly with the host spin waves.
However, it is much poorer for other modes, par-
ticularly those, near the band edge, that spread
considerably into the host. It is, of course, of no
use in describing resonances within the band, as it
fails to give a width. Having said this, one must
admit that it has been applied with considerable
success by Dietz et al. ®® to get the central position
of many single- and two-magnon line shapes. In
complicated situations (e.g., Co* impurities where
orbital effects complicate the exchange), the method
of Dietz et al. can yield useful information about
the coupling of an impurity to the host. However,
in simple cases where the interactions are known,
it is possible to do considerably better, as we will
show in Sec. V.
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V. INTERACTION OF LIGHT WITH THE MAGNETIC
SYSTEM

In this section, we will discuss the interaction of
the radiation with the magnetic system that results
in the excitation of single and pairs of localized
modes. The mechanisms are the same as in the
pure crystal, but the form (i.e., the symmetry) of
the interactions is changed due to the reduction in
symmetry caused by the presence of an impurity.
The single-magnon localized modes with appropri-
ate symmetry should be observable as a magnetic
dipole transition. The form of this interaction is
simply

Hyp = ppHe Eigi-S-i s (29)

where H is the magnetic field of the radiation. The
summation over all the sites ¢ contains a factor g;
which allows for the g factor of host and impurity
to be different. The presence of the impurity
breaks the translational symmetry, and so magnons
of allk vectors may be excited. The infrared ab-
sorption cross section is obtained by treating Hyp
in the Born approximation. The Raman cross sec-
tion is more complicated and is an electric dipole
transition that may be calculated by using the spin-
orbit coupling in an excited state. 21 The single-
magnon modes are also observable with neutrons
(e.g., Co"™* in MnF), 2% but no observations on Ni**
impurities in manganese salts have yet been re-
ported.

The pair modes are allowed as an electric dipole
transition. 22® In many instances, the form of the
interaction of the radiation field with the magnetic
system will be the same as in the pure system, al-
though the actual constants appearing in the inter-
action Hamiltonian will be different. However, ex-
tra terms are allowed in the interaction in the
perovskite structure because pairs of ions near to
the impurity no longer have a center of inversion.
The coupling of pairs of ions probably takes place
via an exchange interaction involving intermediate
states of the pair. In spin-only systems like Mn**
and Ni**, we expect terms in S;+ S, to be dominant,
and so the interaction responsible for t}le Raman
scattering of light with electric vector E into light
with electric vector E’ will have the form

Haman =2 (B3, (- 3)(E" 8)+ (B}, - $B) (B E")]

X‘éi‘ §j ) (30)

where & is a unit vector along i -j connecting
nearest neighbors. In the pure crystal, ° the B}j,
B‘fj were independent of 7,7 because of the trans-
lational invariance of the lattice. The terms in

Bﬁj give rise to scattering with over-all s symmetry
('] in the cubic group®*), i.e., such modes as s,

THEORY OF LOCALIZED MAGNONS IN Ni**...
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+8; and sy +sy. The latter mode will have small
intensity, however, as the Hamiltonian [Eq. (30)]
creates deviations on neighboring sites, whereas
the two deviations in the sy +s, mode spend most

of their time on the same site. Calculations show
that the sy +s; mode does not have any resonant
behavior and is just a broad background mode.

The terms in B?,- give rise to scattering with over-
all d symmetry (T'; in the cubic group), i.e., s,
+d. Two p modes on the neighbors of an impurity
contain a d-like representation but will not be ex-
cited strongly by Eq. (30) which only couples near-
est neighbors. Nearest neighbors of the impurity
are not themselves nearest neighbors in the perov-
skite lattice.

The interaction responsible for infrared absorp-
tion in the pure crystal does not contain a term in
Si S; and so will be small. ® Such a term may occur
in the doped crystal, however.!! It will have the
form

A2, (B-R)S,S, . (31)

This will give rise to absorption with p symmetry
(I'; in the cubic group) of which the most important
component will be the s;+p mode.

Arguments similar to those given in the previous
paragraph can be used in the rutile structure to
obtain the interactions in doped systems from those
in the pure system.® The modifications are less
important than in the perovskites as two magnetic
ions in the rutile structure do not have a center of
inversion even in the pure crystal. From the dis-
cussion of this section, we expect modes of the
type sy + @, where a is predominantly on the near
neighbors of the impurity, to be most strongly ex-
cited. Experimentally, these are the only modes
to have been observed thus far, to the best of the
author’s knowledge. Fortunately, these are by
far the simplest to treat theoretically, as we will
show in Sec. VI,

VI. GREEN’S-FUNCTION THEORY OF THE PAIR MODES

The general problem of calculating the two-mag-
non modes in the presence of an impurity is very
complex, because one is involved with two mag-
nons propagating in an external field, i.e., a three-
body problem. For a ferromagnet, it is possible
to write down a closed set of equations within the
states of two-spin deviations. For an antiferro-
magnet, this is also possible if plausible assump-
tions about the ground state are made. However,
unlike the pure case, >% it is not possible to solve
these equations when an impurity is present, un-
less some approximations are made. . If one of the
magnons is well localized, the spin deviation as-
sociated with that mode will have a large amplitude
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only on a limited number of sites in the vicinity of
the impurity. If we solve the intermediate prob-
lem of the original impurity plus the spin devia-
tions caused by the presence of the first magnon
around the impurity for the one-magnon states, a
solution to the problem may be obtained. This is
always true in principle; in practice the problem
can only be handled if the first magnon has a large
amplitude at a small number of sites near the im-
purity.

Thus, the problem of finding the two-magnon
states in a single-impurity system can be refor-
mulated in terms of the simpler problem of finding
the one-magnon states associated with a number
of impurities in a cluster. To make these state-
ments more meaningful, let us consider the case
of most interest, i.e., the so+a modes. If we
operate on the ground state with SO", we create an
So mode and band modes with over-all s symmetry:

Sa|0) = apal, |0) + Dz af10) (32)

where the o’s measure the amplitude of the various
modes, the summation is over the whole Brillouin
zone with all the oy within the star of K equal, and
the a’ are single-magnon creation operators. For
calculation of the s3+ @ mode, we are only inter-
ested in the first term in Eq. (32), which acts as
an intermediate gvound state |I) for the creation
of the second-magnon:

BoSg1 0)

II>=aIO [0)= (35172 £ 2:a5410)

(ZSZ)IIZ

The higher terms in Eq. (33) are spin deviations
on more distant neighbors of the impurity, having
s symmetry. The cross section for Raman scat-
tering and infrared absorption may be obtained
from the Fermi Golden Rule formula. This cross
section for the sy+ o mode will be proportional to
S0+ % () given by

S%* % (w)=2m23; (i | 2af o (A)S2Se”

+ete. (33)

0)[%6(w - E; +Ey).
(34)
The summation over A includes a factor f,(4) to
select the correct weighting factor for the o mode.
(The equivalent factor for the s, mode multiplying
So”is just 1.) Using Eqs. (32) and (33), the cross
section for the sy+ o mode may be rewritten

S%0* A(w) =2 | 0rg |2 20 [(i | DafalA)SE D) |2 s
X 8(w—E;+E,).

5)

We define
§%(w) =205, (i | Daful 8)SL D) [*6(w - B+ Ey), (36)
where E; is the energy of the state |I). It is clear

that
5%*%(w)= |09 |28 w —E; + Ey). (37
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The convenience of this representation of the cross
section is that $%w) can be obtained from a single-
particle Green’s function of the type Eq. (7),
where the true ground state is replaced by the in-
termediate ground state |I). Equations (34) and
(37) are merely a reformulation of the problem.
However, we are now forced into making some
approximations even if |I) differs from |0) only
on a limited number of sites. We consider first
the case of a ferromagnetically coupled impurity
in a ferromagnetic host [a system described by
the Hamiltonian ~H-H’ given in Eqgs. (1) and (3)].
If we are calculating the spin-wave excitations
from the true ground state |0), we can use the
method of calculation in which [S™, H] is allowed

to act on the ground state. In the absence of an
impurity,

i575710) =[57, H]= 2 7,,8757 - 5559 |0)
=22J:;S(S7 =87 )|0). (38)
i

Equations of the type (38) lead to the correct single-
magnon energies in both the pure and single-impur-
ity cases. However. for the present we are look-
ing for excitations from the intermediate state |I),
and thus Eq. (38) is replaced by the approximate
equation

571 1D =157, 7] D =Da,05787- 5759 D
inJ“((I [S|1yS7 - (I |S2|1)s;) [I). (39)

We see that within this random-phase approxima-
tion, each spin acts as if it had a value (I |S?|I),
i.e., its expectation value in theintermediate ground
state I{IIS{[I)=1S;| where in theimpurity case the
equal sign will hold outside a range that character-
izes the spatial extent of the spin deviations in the
intermediate ground state [I),

In the antiferromagnet, we also encounter the
problem of the existence of spin deviations even in
the true ground state 10). However, equations of
motion of the type (38) are, where S? acting on the
ground state is replaced by +S, equivalent to per-
forming the Holstein- Primakoff transformation and
to keeping only the quadratic terms. It is there-
fore reasonable to expect that equations of the type
(39), where S acting on II) is replaced by(I[S?II),
will give a good account of excitations from the state
II}. This approximation assumes that the pair
modes are not very sensitive to the precise pattern
of spin deviations around the impurity in the ground
state. Experience leads one to believe that this is
correct and the good agreement between theory and
experiment obtained in Secs. VII and VIII reinforces
this assertion.

The problem of finding the single-magnon states
around a cluster of impurities has not been tackled.
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It is straightforward in principle, but will involve
the diagonalizing of rather large matrices. It has
been solved for the case of two adjacent and identi-
cal impurities in a fcc ferromagnet by Frikkee?®
and also for two impurities with arbitrary separa-
tion in a ferromagnetic linear chain by White and
Hogan.?® The effect of the neighboring impurities
is to split the single-impurity modes. Fortunately,
this ambitious computational program does not have
to be carried out for the case of Ni** impurities in
manganese salts and very probably other situations
(e.g., Fe™ in MnF,). The s, mode is highly local-
ized on the impurity. According to the work of
Sec.III, it has only a 7% probability of being off
the Ni**. The cluster methods of Sec.IV give a
similar estimate of this probability. Thus, to a
very good approximation we can put 18,!2=1 in Eq.
(33) and say that the quantities

<I|S§|I>=<So|$|so>”is
and
(I]s3]1y=( solS"5]se) 8" -1

for the impurity. Using these decoupling param-
eters in equations of the type (39), we can say that
the impurity acts as if its spin were reduced from
S’ to S’ -1 for the formation of the second magnon.
That is, the Ni impurity acts as if it were a vacancy
(i.e., a nonmagnetic defect) when the lattice con-
tains one sy excitation. We will find that the above
approximation gives a very good account of the ex-
periments described in Secs. VII and VIII. The
terms that we have neglected, i.e., the term in g/,
and higher order in Eq. (33) should (a) broaden the
pair mode slightly and (b) introduce small broad
peaks at other frequencies.

VII. PAIR MODES IN Ni-DOPED RbMnF,; AND
KMnF,

We apply the theory in Sec. VI to the simplest
case in which experimental results are available,
i.e., Ni**-doped RbMnF; and KMnF;. We repeat
a warning given in Sec.IV, that one must work con-
sistently within either a cluster-type theory or a
Green’s-function theory to describe the interaction
effects correctly. In this section and Sec. VIII, we
work with the Bose operators in a Green’s-function
theory. This is because the width of the pair modes
is important, and it is almost impossible to get a
width starting from a cluster approximation, be-
cause no attempt is made to treat the host magnons.

The energy of a single sy mode w,, is given by
Eq.(12). When this mode is excited, the lattice is
in the intermediate ground state in which the Ni**
acts as a nonmagnetic impurity (S'=0). However,
if we put =0, but J’# 0 in H+ H’ given in Egs. (1)
and (5), we find that a term still exists:
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J' Szala, . (40)

This is the only term involving operators on the
impurity site, and so it corresponds to the energy
of the second s, mode:

Wy goa, = Vo =J'S7 . (41)

It would, therefore, be more accurate to say that
the Ni acts as a vacancy unless the second mode is
an s, mode. Physically, this must be, since one
can certainly create two deviations in the Ni which
has spin 1. [It may be noted that Eq. (41) may be
obtained from Eq. (15) by putting S’=0.] Using Eq.
(41) and the values of S’ derived earlier (Table I),
we can compute Aw =wg s~ 2w, . The result is
shown in column 4 of Table I. It can be seen that
the agreement with experiment is good. It is in-
structive to use the approximate form for w [Eq.
(15)] that is valid for large (J’/J). Using also Eq.
(41) and putting S’ =1 we find that

Aw=J —JS(z-1)/(Sz-1) . (42)

Remembering that Sz=15, both Egs. (42) and (28)
are well approximated by

Aw=d —=J(z-1)/z . (43)

This result has previously been obtained by Mis-
etich and Dietz'® (expanding the denominator in their
expression for 6'E for large J,/J,). The fact that
Eq. (43) is valid within either scheme of calculation
gives credence to the assertion that the interaction
effects can be obtained, provided one works consis-
tently within either scheme of calculation.

We now calculate the line shapes for the sy+p
and sy +d modes using the equations of Sec. VI.
S%w) for a p or d mode around a vacancy is given
by [see Eq. (9)]

R { G§(w)
S¥w) = Zlml————--c'—-—-[1 TS G(@)] - s (44)
and thus,

s0*a(gy) = 2 g [ CBW = wg)

S50* () = 2| g | Im<1+JSGS‘(w—wso)>' (45)
The only place that the Ni-Mn exchange J’ enters
Eq. (45) is through wg- We use the experimentally
measured value of w, (Table I) and compute Eq.
(45) for the sy+d mode, using the expression Eq.
(10) for G%. The results are shown in Fig. 1. There
are no adjustable parameters in the theory except
the peak height which is adjusted to agree with ex-
periment. 27 The slight broadening of the experi-
mental line shape may be mostly instrumental (the
resolution is ~3 cm™) and the lines have not been
resolution corrected. Also plotted on the same
diagram is a § function at wg +w, (representing the
scattering that would be observed if there were no
magnon-magnon interaction). w, is calculated from
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FIG. 1. Raman scattering from Ni:RbMnF; (Ref. 27)

using unpolarized light. The instrumental width is about
3 em™, The dashed theoretical curves for the s, +d

mode contain no free parameters except the peak height,
which is adjusted to agree with experiment. The line at
312 cm™! represents a & function at the energy Wy +y
(i.e., excluding the magnon-magnon interaction). The
kink in the theoretical curve is due to the X magnons
(Ref. 9).

Eq. (9) using J’ from column 3 of Table I. The ef-
fect of the magnon-magnon interaction is clear.
The & function is shifted downwards by ~J’ and
broadened. Although the s, and d modes are sepa-
rately localized (i.e., & functions), the pair mode
has a width because the presence of the s, mode
allows the d mode to propagate through the lattice;
this is in contrast to the sy+ s, mode which does not
propagate through the lattice and so remains a &
function (i.e., the two s, modes form a bound pair
that remain in the vicinity of the impurity). In Fig.
2, we give a similar comparison of theory and ex-
periment® for KMnF,.

As mentioned in Sec.V, the odd-parity modes are
not excited in the pure crystal because of the in-
version symmetry, but should be allowed in the
doped sample. By the methods above, we calculate
that for RbMnF; and KMnF; the s, +p modes should
be centered at 291 and 313 cm™ with widths 15 and
16 cm™, respectively. These modes are therefore
just below the corresponding sy +d modes and much
broader. Unfortunately, these modes are not ob-
servable because the crystals become nearly opaque
to infrared radiation at these frequencies owing to
phonon absorption. 2°

VIII. PAIR MODES IN Ni-DOPED MnF,

Impurities in the rutile structure are much more
complicated objects than in the perovskite struc-
ture. There are two reasons for this. The first
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is that the host and impurity cannot be character-
ized by a single-exchange parameter each. The
second is that including an impurity in the lattice
divides the eight neighbors of the impurity on the
opposite sublattice into two groups of four with dif-
ferent exchanges to each. (For a full discussion

of this, see Shiles and Hone. *) Although these
complications are mainly computational in that they
do not give rise to any great qualitative changes in
the local modes, etc., they nevertheless present

a formidable problem that has not yet been satisfac-
torily resolved in that the exchange coupling be-
tween Ni and Mn in Ni:MnF, is not accurately
known.

The host spin waves may be well described by
three parameters: J; a coupling to the two neigh-
bors along the c axis in the same sublattice, J, a
coupling to the eight neighbors on the opposite sub-
lattice, and an anisotropy field H,. These param-
eters have been chosen by Tonegawa® to give a good
fit to the spin-wave dispersion curves®" 3

J;=0.44cm™, J,=2.48 cm™, H,=0.8 cm™ .(46)

Note the difference of a factor of 2 between our def-
inition of the exchange integrals and that used by
both Tonegawa and a previous paper. 33 Although
the ratio J,/J, is smaller than in KMnF,, we cannot
neglect J; in this case. Exclusion of J; means that
the system becomes effectively cubic, °® whereas the
inclusion of J; produces two sharp peaks in the den-
sity-of-states characteristic of a uniaxial crystal,
and this produces clearly observable effects in the
optical spectra.3® The magnon dispersion is given
by

l | S
300 310 320 330
FREQUENCY (cm™!)

FIG. 2. Same as Fig. 1but for Ni:KMnF;. The ex-
perimental results are those of Ref. 28. The 6 function
at wg +w, is at 335 em™,
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wk =[8J,8 + Hy — 4J,S sin® (3 k,¢) |?
- [8J,S cos (3 k,a) cos (} kya) cos(3 ko)l . (47)

The inclusion of these extra parameters in the
magnon dispersion complicates the unperturbed
Green’s functions slightly. Equation (8), which is
valid for a nearest-neighbor Heisenberg exchange
Hamiltonian, becomes

Kay; aj» ZWGO( w)=

2699

We can now calculate the spectral weight function
S*(w) for a vacancy as was done for the perovskite
structure in Sec. VII. Because of the J; coupling

in the host, two new representations are introduced:
one with s-like (I') symmetry and the other with
p-like (T';) symmetry under the group D,,. How-
ever, we are only interested in the d-like modes
(T'; and F) excited in Raman scattering and f-like
modes (I';) excited in infrared absorption experi-
ments. The expressions for these modes are given

ZﬂN by the same expression used in Sec.VII [Eq. (44)]
e‘k"’i"f’[w +8J,S+H, —4J,Ssin® (3 k,c) ] where the G§(w) is the symmetrized Green’s func-
2 . .
w® - ws (48) tions formed from Eq. (48)
J
2(1 _ 2
o) - G() = IE 8 cos®(3k,a) sin® (3k,a) sn(lw(z_ :)§w+8JZS+ 4J,S sin’(3k,c)] ’ (49)
() = 1 Z:- 8 sin®(3k,a) sin®(3k, a)cos(z( ik cz[w+8JZS+HA 4J,S sin®(3k,c)] , (50)
w® - w?)
2 2 2 - 2
i) IE 8 sin®(3k.a) sin®(3k, a)suz (zzk c [;o +8J,S + H, - 4J,S sin®(3k,¢)] (51)
[ wE
-

The cross section for the s;+ a modes where « is
of d or f symmetry is proportional to S%**(w) given
by

Sso*a(w I a0|21m<_._c_5‘_(t'_0___w‘§.°l_> (52)

1+J,8G¢ (w - wso)

We see again that the only place the Ni-Mn exchange
enters this expression is through w s which has been
measured by Misetich and Dietz'® to be 120.4 cm™.
Using the crystal Green’s functions (49)-(51) of
Tonegawa,” we compare the calculated modes sg+ dy,
=sg+d,,, So+d,, and sy+f with experiment®# in
Figs. 3-5, respectively. The agreement is rather
good considering there are no adjustable parameters
except the peak height in Eq. (52). Theory predicts
the center of the peaks in Figs. 3-5 to be at 166.7,
164.4, and 167.3cm™, respectively, whereas ex-
periment gives 167.0, 164.5, and 167.5 cm™. Also,
the widths are predicted to be 3.5, 3.0, and 1.4
cm™! and experimentally they are 7.1, 5. 7, and

2.5 cm™. The peak heights agree very well and

the widths are well correlated, although the experi-
mental widths are much larger than our theory
gives. As with the perovskites, this is probably
mostly resolution (~3 cm™!) but may reflect some
deficiencies in the theory.

The same theory can also be applied to Fe** i
purities in MnF, using the appropriate w so(measured
by Weber®®) in Eq. (52) and replacing J,S by J,S
~J3(S"~ 1), where $’=2 in this case, and we will
assume that the Fe-Mn exchange can be described
by a single parameter J,. If the Fe-Mn exchange

is more complicated, as it probably is, the expres-
sion (52) will become even more complex. The Fe im-
purity, therefore, acts as if it had spin 1 for the
creation of the @ magnon in the pair s+ a. This

is a poorer approximation because the Fe-Mn ex-
change is much weaker than the Ni-Mn exchange so
that the sy mode is not so far above the spin-wave
band and not so localized. Nevertheless, the main
features of the Fe:MnF, spectra are readily expli-
cable. The sy+d,, mode is a few cm™ above the
Sg+d,, mode and has a greater width. We do not
attempt a detailed comparison between theory and
experiment, however, as the position of the peak
moves almost linearly with J,5 — J3(S* —1). Thus,
an error of 2 cm™ in the position of the center of
the line would give a value of Jj, different by 2 cm™.
This is an enormous percentage error as J5~4 cm™,
This underlines again the fact that most of the de-
pendence of the pair modes on the impurity-host ex-
change enters into expressions like Eq. (45)

through w,, (entirely, in the case S'=1). We con-
clude, therefore, that the single-magnon modes are
far more useful in determining the impurity-host
exchange than are the pair modes.

IX. g FACTOR OF PAIR MODES

The two-magnon modes ina pure antiferromagnet
are not affected by a magnetic field at low temper-

atures. This is because
[Si+S5 3-5,]=0 and [22S, H]=0,  (53)

where H is the Heisenberg Hamiltonian given in Eq.
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150 160 170 180 190
FREQUENCY (cm™")

FIG. 3. Raman mode s +d,, or sg+d,, from Ni: MnF,,
The experimental data are from Ref. 34. The solid line
is experimental and the dashed line theoretical.

(1) and the summation is over all sites. Another
way of saying this is that the radiation creates one
magnon on each sublattice. When a field is applied,
the energy of a magnon is changed by + uzgH on one
sublattice and — pzgH on the other and so that the

150 160 170 180
FREQUENCY (cm™)

FIG. 4. Raman mode s +d,, from Ni: MnF,. The ex-
perimental data are from Ref. 34. The solid line is ex-
perimental and the dashed line theory.

net effect is zero. This situation changes when an
impurity is present which may have a g factor g’
different from that of the host. The g factors for
the s, and sy + s, modes were discussed in Sec. IV,
based on a cluster model. The g factor for the s,
mode from Green’s-function theory is given by Eq.
(18) and the g factor for the sy +s, will be just

8sgsp :gso+g': 28" - (g-g")s"/(Sz-S")
4 4
W & 90 (54)
(Sz-S")
This expression is valid only for S’=1 when the
g factor of the second s, is simply g’ because the
mode is entirely localized within our approximation
[Eq. (40)]. The expressions for sy and g sy from
the two theories are rather different in the term
proportional to (g —g’). This term contains useful
information about the spatial extent of the modes
[Eq. (19)]. Unfortunately, for Ni:MnE, g=2.00%
and g’ = 2. 33, 3 so that terms in (g —g’) are ~0. 02,
which is too small to observe experimentally?®
where the resolution is +0. 04.
The g factors for the pair modes s, + @ are sim-
ply given by

gSD ‘o =gso ~g=- (g—g')[l +S'/(SZ —S')]
=-(g-g")[1+5"/(Sz2-5")] (55)

because the ¢ mode is entirely on the host sites.

FREQUENCY (cm™)

FIG. 5. Infrared absorption s;+f from Ni: MnF,. The
experimental data are from Ref. 35 which is a transmis-
sion experiment. The background has been subtracted
by eye to obtain the solid experimental curve above.

The dashed line is theory.
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Again the experimental data®® are not accurate
enough to determine if the second term in the brack-
et is present. Some experiments on systems where
g and g’ had opposite signs so that (g - g’) were
large would be useful, since the effect of the mag-
non-magnon interaction on the g factor would be
magnified.

X. CONCLUSIONS

We have shown that the pair modes in Ni-doped
manganese salts can be understood because all the
modes observed so far involve at least one s; mode
which is strongly localized at the impurity site. We
point out that the theory is applicable in other sit-
uations (e.g., Fe*' in MnF,). Our reasons for
studying Ni-doped manganese salts were threefold.
First, this system has been studied extensively ex-
perimentally; second, nickel has the strongest ex-
change interactions in the transition-metal series®’
and third, nickel has spin 1, so it behaves like a
vacancy when the lattice contains a single spin de-
viation on the nickel. This means that we can com-
pare theory and experiment without knowing a great
deal about the Ni:Mn exchange in MnF,.
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APPENDIX

We give an alternative derivation of $%*(w) [Eq.
(44)] from which the cross section S0°%(w) may be
obtained. When the s, mode is highly localized we
may write the intermediate ground state |I') approx-

imately as
|1y =[S"3/(28")%] |0y .

The second mode « does not have s-type symmetry
and thus is not allowed to spread onto the impurity.
We can therefore factor out the coordinates of the
impurity and form an effective Hamiltonian H,

" (S8"=8'-1|H+H'|S'2=5"-1)
o (§E=8"-1]8"=5"-1) ’

(A1)

(A2)

where H and H’' are given by Egs. (1) and (3). From
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Eq. (A2) we can write
Her=20 718 8,+ 25 I - )%, (A3)

where the exchange couples only nearest neighbors,
but we include the subscripts ¢,j on J for clarity.
This Hamiltonian describes a vacancy with an ex-
ternal magnetic field —J'(S’ — 1) acting only on the
nearest neighbors of the impurity. If we now write
the spin operators in (A3) in terms of the Bose op-
erators [Eq. (4)] and keep only the quadratic terms,
He, =i§jJ“S[a‘;a,-+b}'bj+af+ bl+a;b,]
—§ J'(S"-1)bl b, . (A4)

Equation (A4) is quadratic in the Bose operators
and may be solved by finding equations of motion
for the Green’s functions {a;; a} ) and{b}; al):

w{a;;al)=(1/21)8, +Z>JJ11<(01 saly

+ 2, d5,(bY;al), i#0 (A5)
=0, i=0;
w(b}; al )= =23 4,540} al)
-2 Ji55€a;; al ) (A6)

—J'(S" = 1)(bY; ar))8;, s

The coupled equations (A5) and (A6) may be solved
in the standard way by forming a Dyson equation®
and using the fact that the potential is short ranged.
The solution for the non-s-like modes is given by

. . _1 Gi(w)
iz-lfa(z - 1)<<Cli’ aI»_ZTT (1 _[JI(SI_OI) —JS] GS‘(w)) ,

(A7)

[where the G¢(w) are given by Eq. (10) for the perov-
skite structure and by Egs. (49)-(51) for the rutile
structure. The factors f,(i — 1) that select the cor-
rect symmetry combinations for the @ mode were
introduced in Eq. (34). The $%w) are proportional
to the imaginary part of Eq. (A7). Comparing Eq.
(A7) with Eq. (9), where p is defined in Eq. (6), we
see that the impurity acts as if it had a spin §' -1
when the lattice contains a single s, mode. ] The
factor [J(S’ —1)—JS] is just that used in Sec. VIII
for the brief discussion of Fe:MnF,. (J and J’ were
written J, and J3 in the more conventional notation
for the rutile structure.)
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The critical values of the ratio of interaction energies at which the ordering of spins in the
ground state is indeterminate (and probably 7,=0) are calculated exactly for a variety of Ising
lattices with antiferromagnetic next-nearest-neighbor coupling, and for anisotropic nearest-
neighbor coupling. Using these results and the exact two-dimensional solutions, the general
dependence of the critical point on interaction ratio is sketched. The complex case of the anti-

ferromagnetic fcc is reconsidered.

The effects of introducing higher neighbor inter-
actions in an Ising model have been investigated re-
cently by series expansion methods !~ by exact two-
dimensional solutions *'° and by closed-form approxi-
mations.5~® One of the problems is to determine the

dependence of the critical point (Curie point 7',) on
the strength and sign of the next-nearest-neighbor
interaction. It is generally expected that an anti-
ferromagnetic next-nearest-neighbor interaction
will depress the critical point, and if sufficiently



